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Abstract
The fundamental interactions of nature, the electroweak and the quantum chromodynamics, are described in the
Standard Model by the Gauge Theory under internal symmetries that maintain the invariance of the functional action.
The fundamental interaction of gravitation is very well described by Einstein’s General Relativity in a Riemannian
spacetime metric, but General Relativity has been over time a gravitational field theory apart from the StandardModel.
The theory of Gauge allows under symmetries of the group of Poincare´ to impose invariances in the functional of the
action of the spinor field that result in the gravitational interaction with the fermions. In this approach the gravitational
field, besides being described by the equation similar to General Relativity, also brings a spin-gravitational interaction
in a Riemann-Cartan spacetime.
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1. Introduction
In Classical Mechanics from the Lagrangian formalism it is possible to understand the fundamental laws of
Physics. The functional action produces motion equations and under the invariance of the functional action it is pos-
sible to obtain the conserved quantities of the motion such as energy and momentum under translational invariance
and the angular momentum under invariance by rotations [1]. From these beautiful concepts of Classical Mechan-
ics, especially Dirac and Feynman, they have shown that the formalism of Lagrange and the action acquire a great
and complete importance in the Classical Theory of Fields [2]. The functional action for a field is mathematically
described by
S (t1, t2, [Φ]) ≡
∫ t2
t1
d4xL(Φ, ∂αΦ), (1)
where d4x = dt dx dy dz is a four-dimensional measure of Minkowski spacetime. The integrand L is the Lagrangian
density of the field function and its derivatives limited by the translational invariance condition. Fields or collections
of fields Φ can be scalar, spinorial, vector, etc. fields. The principle of minimum action results in the Euler-Lagrange
equations of motion,
∂α
(
∂L
∂(∂αΦ)
)
− ∂L
∂Φ
= 0, (2)
which produce (i) the Klein-Gordon equation for the scalar field of sipn zero; (ii) the Dirac equation for the spin field
1
2
; (iii) the Maxwell equations for the electromagnetism, the vector field with spin 1; and so on.
In the Classical Theory of Fields, Lagrangian formalism shows us how to obtain the physical quantities that are
conserved, that is, observables that are independent of time. The mathematical description that associated a given
invariance to a conservation law is the Noether Theorem: if the functional action is invariant under a continuous group
of field transformations, then the Lagrangian establishes a set of dynamic invariants, that is, the conserved currents.
If we consider a continuous group of translation in the spacetime coordinates,
x′α = xα + aα, (3)
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in a certain action of relativistic field, we will have as consequence, of the Noether theorem, the conservation of the
energy and momentum given by the expression,
∂αT
αβ = 0, (4)
where Tαβ is the energy-momentum tensor. Initially from Lagrangian through the Noether theorem, we get the
canonical energy-momentum tensor given by,
T (C)αβ =
(
∂L
∂(∂αΦ)
)
(∂βΦ) − δαβL. (5)
For the spin zero scalar field the canonical energy-momentum tensor is symmetric. Since the spin of the scalar
field is zero, there are no energy contibutions due to the angular momentum at the energy-momentum tensor. However
for the spinorial and vector fields the canonical energy-momentum tensor obtained by (5) is not symmetrical. The
spinorial and vector fields provide energy contribuctions due to the intrinsic angular momentum. The mathematical
formalism that fixes this lack of symmetry is Belifante-Rosenfeld’s theory. This formalism takes into account the
angular momentum of the spinorial and vector fields,
Tαβ = T
(C)
αβ
− i
2
∂γBαβγ, (6)
where Tαβ is the symmetric energy-momentum tensor and the tensor Bαβγ is given by
Bαβγ = S αβγ + S γαβ − S βγα. (7)
The tensor S αβγ is the spin current density tensor contained in the Φ field. In the formalism of Belifante-Rosenfeld
this tensor S αβγ is given in terms of the Lorentz transformations to the field Φ,
S αβγ =
∂L
∂(∂αΦ)
Σβγ Φ, (8)
where the terms Σβγ are the generators of Lorentz transformations, rotations and boosts, so that the field transforms
itself according to Lorentz invariance,
Φ′(x′) = exp
[
i
2
ǫαβΣαβ
]
Φ(x), (9)
and that obey Lie algebra
i[Σγδ,Σαβ] = gαδΣγβ − gαγΣδβ + gβδΣαγ − gβγΣαδ. (10)
Field theory for gravitation is very well described by the General Theory of Relavity as a description of a Rieman-
nian spacetime (M, g) with curvature satisfying Einstein’s field equations,
Gµν = 8πG Tµν, (11)
where it is characterized by energy-momentum tensor Tµν, which accommodates among its components the energy
density and the momentum density associated with a physical system that can curve spacetime. From Noether theo-
rem, Tµν must satisfy the conservation equation,
∇µT µν = 0. (12)
In this work we will use the Greek letters: α, β, γ, δ, · · · for the indices of tensors, vectors, etc. in coordinates in
the Minkowski spacetime with metric tensor ηαβ = diag(−1, 1, 1, 1). Whereas the Greek letters κ, λ, µ, ν, · · · for the
indices of tensors, vectors, etc. in the curved spacetime, also denominated holonomic or coordinated indices or yet
world indices.
As we know the theory of General Relativity describes the trajectories of massive particles and even the photons
around large concentrations of masses such as planets, stars, galaxies, etc. It is reasonable to see the theory of General
Relativity as a macroscopic limit of a still unknown quantum theory of gravitation. E´lie Cartan took a first step toward
a possible microscopic theory of gravitation by showing that spacetime torsion could be derived from the spin of
2
matter [3]. The initial construction for a theory of gravitation involving spin and torsion was initiated by Utiyama
[4], and improved by Kibble [5] and Sciama [6] that led to the formulation of the Einstein-Cartan-Kibble-Sciama
(ECKS) theory of gravitation [3, 7, 8, 9, 10]. The ECKS theory of gravitation is described in spacetime called the
Riemann-Cartan spacetime denoted by U4, where the spacetime torsion is an integral part of the affine connection. In
this theory the energy-momentum tensor is coupled with the curvature of spacetime in the same way as in General
Relativity as seen in equation (11), and also produces another equation that couples the spin current density tensor
with the U4 spacetime torsion. By coupling energy-momentum and spin of matter to metric and torsion, and by
treating them as independent variables, the ECKS theory becomes an extension of General Relativity. The predictions
of the ECKS theory are absolutely indistinguishable from the theory of General Relativity even for very high densities
of matter, occurring ruptures between the two theories only in ultra high densities. In these extreme environments of
ultra densities, the coupling between spin and torsion could in principle produce a gravitational repulsion that would
prevent the formation of singularities [11]. In the section 2 we will see the definitions of torsion and contorsion
tensors. In the section 3 we will see the main consequences of torsion in the definition of the tensor of curvature,
Palatini’s identity in spacetime with torsion, the Einstein-Cartan action, and the two Einstein-Cartan field equations.
In the section 4 we make a brief review and discussion on the spinor field, the fundamental blocks of matter in flat
spacetime. By the Noether theorem, the energy-momentum tensor is non-symmetric and it is necessary to apply
the mechanism of Belifante-Rosenfeld that adds to the canonical energy-momentum tensor the contribution of the
spin current density, symmetrizing it. In the section 5 we present the detailed calculations for the Gauge Theory of
Gravitation in order to construct the covariant derivative for the spinor action. And finally in the section 6 we show
how the energy-momentum tensor and spin current density tensor are obtained from the spinor action in the curved
spacetime. From these two tensors the two Einstein-Cartan equations are obtained.
2. Riemann-Cartan spacetime
Before we describe the gravitational field equations in a spacetime involving curvature and at the same time the
torsion, let us analyze under what conditions the torsion tensor is defined. The starting point for this is that the metric
tensor gµν of a given spacetime has the null covariant derivative,
∇λgµν ≡ 0. (13)
The covariant derivative in the Riemann-Cartan spacetime has the same definition and form as the covariant derivative
in the Riemannian space,
∇µAν = ∂µAν + ΓνµκAκ, (14)
where the terms Γνµκ are metric connection [12].
In the Riemannian spacetime the connections are symmetrical in the indices µ and κ, however in the Riemann-
Cartan spacetime the connections are not symmetrical. It is important to note here that the index µ in the operator ∇
of the covariant derivative in the above equation (14) appears in the second position of the connection coefficient Γ,
whereas some references this index appears in the third position.
With the condition that the covariant derivative of the metric tensor is zero (13), we can analyze in the same way
that one makes in the Riemannian space with a set of three equations seen below,

∂λgµν − Γκλµgκν − Γκλνgκµ = 0
∂µgνλ − Γκµνgκλ − Γκµλgκν = 0
∂νgλµ − Γκνλgκµ − Γκνµgκλ = 0.
(15)
We can perform the following operation with the system of equations above,
− ∂λgµν + ∂µgνλ + ∂νgλµ −
(
Γκµν + Γ
κ
νµ
)
gκλ +
(
Γκλµ − Γκµλ
)
gκν + (Γ
κ
λν − Γκνλ) gκµ = 0. (16)
The two terms in parenthesis that are subtractions must be defined as torsion tensors,
T
κ
λµ =
(
Γκλµ − Γκµλ
)
. (17)
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In Riemannian spacetime due to symmetry in the indices λ and µ the torsion tensor is canceled. Then with the
above definition the equation (16) becomes,
− ∂λgµν + ∂µgνλ + ∂νgλµ + Tκλµgκν + Tκλνgκµ −
(
Γκµν + Γ
κ
νµ
)
gκλ = 0,
or yet,
Tµλν + Tνλµ +
(
∂µgνλ + ∂νgλµ − ∂λgµν
)
=
(
Γκµν + Γ
κ
νµ
)
gκλ.
resulting in
Γρ(µν) =
1
2
gλρ
(
∂µgνλ + ∂νgλµ − ∂λgµν
)
+
1
2
gλρ
(
Tµλν + Tνλµ
)
, (18)
where we use identity 1
2
(AµBν+AνBµ) = A(µBν). Notice that the first term on the right-hand side of the above equation
is the Christoffel symbol given by {
ρ
µν
}
=
1
2
gλρ
(
∂µgνλ + ∂νgλµ − ∂λgµν
)
. (19)
Noting that the Christoffel symbols are symmetric at the µ and ν indices, and that the torsion tensor (17) is
antisymmetric in the same indices, we can infer that the Γρµν must be composed of symmetrical and antisymmetric
parts,
Γρµν = Γ
ρ
(µν) + Γ
ρ
[µν],
where the antisymmetry of the tensor is given by the commutator Γρ[µν] =
1
2
(Γρµν − Γρνµ), so that we have from the
equation above the relation,
Γρ(µν) = Γ
ρ
µν − 1
2
T
ρ
µν,
so that replacing this relationship above and the symbol of Christoffel (19) in the equation (18) we have
Γρµν =
{
ρ
µν
}
+
1
2
gλρ
(
Tµλν + Tνλµ + Tλµν
)
(20)
or simply
Γρµν =
{
ρ
µν
}
+ Kρµν, (21)
where we define the contorsion tensor as,
Kρµν =
1
2
(
Tµ
ρ
ν
+ Tν
ρ
µ + T
ρ
µν
)
. (22)
Let us define the torsion vector as a contraction of the tensor (17) as follows,
Tµ = T
ν
µν (23)
and due to antisymmetry in the indices µ and ν of the torsion tensor (17) also we have Tµ = −Tρρµ. It is also possible
to obtain from the contorsion tensor,
Kρ
µ
µ
=
1
2
(
Tµρ
µ + Tµρµ + Tρ
µ
µ
)
=
1
2
(
T
µ
ρµ + T
µ
ρµ + 0
)
= Tρ. (24)
Due to antisymmetry it is verified that Kµµν = −Tν and Kρµρ = 0.
4
2.1. Commutator of covariant derivatives
In the Riemannian geometry we can obtain the tensor of curvature or Riemann tensor by calculation of the com-
mutator of covariant derivatives. Let us see below what we will get by calculating the commutator of covariant
derivatives taking into account that the connections in the spacetime of Riemann-Cartan are composed of symmetrical
and antisymmetric part,
[
∇µ,∇ν
]
Aρ = ∇µ∇νAρ − ∇ν∇µAρ
= ∂µ∂νA
ρ + (∂µΓ
ρ
νσ)A
σ + Γρνσ∂µA
σ + Γρµλ∂νA
λ + ΓρµλΓ
λ
νσA
σ − Γλµν∂λAρ − ΓλµνΓρλσAσ
− ∂ν∂µAρ − (∂νΓρµσ)Aσ − Γρµσ∂νAσ − Γρνλ∂µAλ − ΓρνλΓλµσAσ + Γλνµ∂λAρ + ΓλνµΓρλσAσ
=
(
∂µΓ
ρ
νσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ
)
Aσ −
(
Γλµν − Γλνµ
)
(∂λA
ρ + ΓρλσA
σ) ,
where we have, [
∇µ,∇ν
]
Aρ = RρσµνA
σ − Tλµν∇λAρ. (25)
Note that if spacetime has no torsion, Tλµν = 0, the above commutator is reduced to the Riemannian space commutator.
3. The Einstein-Cartan action
We have seen in the previous section that the Riemann-Cartan spacetime curvature tensor has the same algebraic
format as the Riemann spacetime curvature tensor, with the detail that the Riemann-Cartan spacetime connections
have components symmetrical and antisymmetric components,
Rκλµν = ∂µΓ
κ
νλ − ∂νΓκµλ + ΓκµρΓρνλ − ΓκνρΓρµλ. (26)
An infinitesimal variation in the curvature tensor results in,
δRκλµν = δ
(
∂µΓ
κ
νλ
)
− δ
(
∂νΓ
κ
µλ
)
+ δ
(
Γκµρ
)
Γρνλ + Γ
κ
µρ δΓ
ρ
νλ − δ
(
Γκνρ
)
Γρµλ − Γκνρ δΓρµλ, (27)
with the condition
δ
(
∂µΓ
κ
νλ
)
= ∂µ δΓ
κ
νλ,
we then obtain that an infinitesimal variation in the tensor of curvature results in,
δRκλµν = ∂µ δΓ
κ
νλ − ∂ν δΓκµλ + δ
(
Γκµρ
)
Γρνλ + Γ
κ
µρ δΓ
ρ
νλ − δ
(
Γκνρ
)
Γρµλ − Γκνρ δΓρµλ, (28)
With this equation in mind we will now describe the famous Palatini identity in this context of Riemann-Cartan
spacetime given by,
∇µ (δΓκνλ)−∇ν
(
δΓκµλ
)
= ∂µ δΓ
κ
νλ+Γ
κ
µρδΓ
ρ
νλ−ΓρµνδΓκρλ−ΓρµλδΓκνρ−
[
∂ν δΓ
κ
µλ + Γ
κ
νρδΓ
ρ
µλ − ΓρνµδΓκρλ − ΓρνλδΓκµρ
]
,
(29)
then comparing the above equation (29) with the antecedent equation (28) we have that
∇µ (δΓκνλ) − ∇ν
(
δΓκµλ
)
= δRκλµν −
(
Γρµν − Γρνµ
)
δΓκρλ,
by the definition of the torsion tensor (17), we obtain the identity of Palatini in the spacetime of Riemann-Cartan,
δRκλµν = ∇µ (δΓκνλ) − ∇ν
(
δΓκµλ
)
+ TρµνδΓ
κ
ρλ. (30)
For the gravitational field action it is necessary obtain the Ricci curvature tensor Rµλµν = Rλν, whose infinitesimal
variation is given by the equation below,
δRλν = ∇µ (δΓµνλ) − ∇ν
(
δΓµµλ
)
+ TρµνδΓ
µ
ρλ. (31)
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It is now possible to describe the gravitational field action in Riemann-Cartan spacetime. The action is alge-
braically similar to the action of Einstein-Hilbert in the General Relavity. In spacetime with torsion this action is
called Einstein-Cartan action given by the equation below,
S EC =
1
16πG
∫
Ω
d4x
√−g R, (32)
where R = gµνRµν is the scalar curvature. As in General Relativity, the field equations are obtained from the variation
of the action,
δS EC =
1
16πG
∫
Ω
d4x
[(
δ
√−g
)
R +
√−g
(
δRµν
)
gµν +
√−gRµνδgµν
]
.
We can substitute in the above equation δ
√−g = −
√−g
2
gµνδg
µν and also the identity (31) to obtain
δS EC =
1
16πG
∫
Ω
d4x
{
−
√−g
2
gµν Rδg
µν +
√−gRµνδgµν +
√−g
[
∇λ
(
δΓλνµ
)
− ∇ν
(
δΓλλµ
)
+ TρκνδΓ
κ
ρµ
]
gµν
}
.
From the covariance condition of the metric tensor (13) we can obtain
δS EC =
1
16πG
∫
Ω
d4x
√−g
[
Rµν − 1
2
gµν R
]
δgµν +
1
16πG
∫
Ω
d4x
√−g
[
∇λ
(
gµνδΓλνµ
)
− ∇ν
(
gµνδΓλλµ
)
+ Tρκ
µ
δΓκρµ
]
.
(33)
We can already identify Einstein’s tensor, Gµν = Rµν − 12gµν R, in the first integral of the above equation. The two
terms in the second part, ∇λ
(
gµνδΓλνµ
)
− ∇ν
(
gµνδΓλλµ
)
are divergences, ∇µVµ. Let us see in some detail how one
should treat these two divergences terms in spacetime with torsion non-zero. First we see that,
∇µVµ = ∂µVµ + ΓµµλVλ,
or else,
∇µVµ = ∂µVµ +
{
µ
µλ
}
Vλ + KµµλV
λ,
where we can use the identity Kµµλ = −Tλ, as well as the identity of Christoffel’s symbols,{
µ
µλ
}
=
∂λ
√−g√−g ,
we obtain for the divergence of the vector Vµ the following equation,
∇µVµ = ∂µVµ +
∂µ
√−g√−g V
µ − Tµ Vµ. (34)
If we realize the integral of this divergence in the region Ω,∫
Ω
d4x
√−g∇µVµ =
∫
Ω
d4x∂µ
(√−gVµ) −
∫
Ω
d4x
√−gTµVµ, (35)
where we can use the Gauss divergence theorem, so that the integral can be rewritten as,∫
Ω
d4x
√−g∇µVµ =
∮
∂Ω
d3x
√−gVµnˆµ −
∫
Ω
d4x
√−gTµVµ. (36)
In the Classical Theory of Fields, the surface term ∂Ω must be canceled due to finitude of the fields on the boundary
[2], then we have as a result of this integral the value∫
Ω
d4x
√−g∇µVµ = −
∫
Ω
d4x
√−gTµVµ. (37)
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We should note that if we were dealing with a spacetime free of torsion the second integral on the right side of
equation (33) would cancel out and obtain the gravitational field equation of the General Relavity only. Returning the
result obtained in equation (37) in the variation of the equation (33), we get, then,
δS EC =
1
16πG
∫
Ω
d4x
√−g Gµνδgµν + 1
16πG
∫
Ω
d4x
√−g
[
−Tλ
(
gµνδΓλνµ
)
+ Tν
(
gµνδΓλλµ
)
+ Tλµ
ν
δΓµλν
]
. (38)
Before we move on we will use a mathematical identity of the metric tensor that can be seen below as,
δgµν = −gµκgνλδgλκ, (39)
and substituting this equality in the variation of the action (38) we obtain,
δS EC = − 1
16πG
∫
Ω
d4x
√−g Gκλδgκλ + 1
16πG
∫
Ω
d4x
√−g
[
−Tλ
(
gµνδΓλνµ
)
+ Tν
(
gµνδΓλλµ
)
+ Tλµ
ν
δΓµλν
]
. (40)
So finally we get to the point where it is possible to get two field equations from the above functional action. The first
is the variation of the action in relation to the metric tensor, which results in the traditional gravitational field equation
of General Relativity,
δS EC
δgµν
= − 1
16πG
Gµν = − 1
16πG
(
Rµν − 1
2
gµν R
)
. (41)
The second variation is in relation to the field of connections leading to,
δS EC
δΓρστ
=
1
16πG
(
T
λ
µ
ν
δρ
µδλ
σδν
τ + Tνg
µνδρ
λδλ
σδµ
τ − Tλgµνδρλδνσδµτ
)
=
1
16πG
(
T
σ
ρ
τ
+ Tνg
τνδρ
σ − Tρgτσ
)
or else
δS EC
δΓρστ
=
1
16πG
(
Tσρτ + Tτgρσ − Tρgτσ
)
. (42)
Now consider the presence of a field of matter in Riemann-Cartan spacetime where the total action of a given
system is given by
S = S EC + S M, (43)
where S M is an action of some field of matter given by
S M =
∫
d4x LM , (44)
where LM is a Lagrangian of some field. Thus, a variation in action results in
δS EC + δS M = 0, (45)
with
δS EC
δgµν
= − 1
16πG
√−g Gµν,
thus,
−
√−g
16πG
Gµν +
δS M
δgµν
= 0,
or then,
Gµν =
16πG√−g
δS M
δgµν
. (46)
Then we can calculate the energy-momentum tensor from the action of a field of matter, so that it results in the Einstein
field equation,
T µν =
2√−g
δS M
δgµν
. (47)
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The energy-momentum tensor calculated by the above equation is called the metric energy-momentum tensor
or Hilbert energy-momentum tensor. For an action S M scalar field and also for the electromagnetic field the above
calculation results directly in a symmetric energy-momentum tensor. However for a spin field the energy-momentum
tensor calculated by equation (47) will not be symmetrical, being necessary to use the mechanism of Belinfante [14].
In the next section we will show the calculations of this tensor in the flat spacetime of the Special Relativity and later
we will show how to calculate this tensor in the curved spacetime.
Let us now look at the result we get if the action variation is in relation to the connection field given by equation
(42), thus we have that
δS EC
δΓλµν
+
δS M
δΓλµν
= 0,
resulting in
Tµλν + Tνgλµ − Tλgµν = 8πGSµλν, (48)
where
Sµλν = −
2√−g
δS M
δΓλµν
(49)
is the spin current density tensor of the matter field. The energy-momentum tensor is the source of the curvature in
spacetime whereas the spin current density tensor is the source of torsion in spacetime. We will look at this in more
detail in the next sections.
4. Spinorial field
The basic components of matter are the fermions, and the theory of gauge for gravitation must be constructed from
the fields of spin fermionic matter 1
2
. The functional action has Lagrangian in flat Minkowski spacetime given by,
L = i
2
(
ψ¯γα∂αψ − (∂αψ¯)γαψ
)
+ mψ¯ψ. (50)
Where the γα matrices obey Clifford’s algebra
{γα, γβ} = γαγβ + γβγα = 2ηαβ11. (51)
where 11 is the identity 4 × 4 matrix. The fermionic field ψ is a four-component column spinor, whose adjoint spinor
is given by ψ¯ = ψ†γ0.
The Euler-Lagrange equations for the above spinorial Lagrangian are the two equations below
∂α
(
∂L
∂(∂αψ¯)
)
− ∂L
∂ψ¯
= 0. (52)
and
∂α
(
∂L
∂(∂αψ)
)
− ∂L
∂ψ
= 0. (53)
which result in the two Dirac equations
(iγα∂α + m11)ψ = 0 (54)
and
− i∂αψ¯γα + mψ¯ = 0 or ψ¯(−i
←−
∂ αγ
α + m11) = 0. (55)
The Noether theorem shows us that the canonical energy-momentum tensor will be given by
T (C)αβ =
∂L
∂(∂αψ)
(∂βψ) + ∂βψ¯
∂L
∂(∂αψ¯)
− δαβL, (56)
which results in
T
(C)
αβ
=
i
2
ψ¯γα∂βψ − i
2
(∂βψ¯)γαψ. (57)
8
It should be noted here that the canonical energy-momentum tensor obtained through Noether theorem is not
symmetric. Therefore, it is necessary to use the Belinfante-Rosenfeld procedures didatically discussed by Weinberg
in reference [15]. The Belinfante-Rosenfeld methodology consists in calculating the energy density contained in spin
density. This methodology is summarized in calculating the equation (6),
Tαβ = T
(C)
αβ
− i
2
∂δBαβδ, (58)
or
Tαβ = T
(C)
αβ
− i
2
∂δ(S αβδ + S δαβ − S βδα), (59)
where Tαβ is the symmetric energy-momentum tensor and the tensor Bαβδ is given by equation (7) as follows
Bαβδ = S αβδ + S δαβ − S βδα. (60)
The tensor S αβδ is the density of spin contained in the fermionic field that according to the Classical Theory of Fields
is given by,
S αβδ =
∂L
∂(∂αψ)
Σβδ ψ + ψ¯(−Σβδ)
∂L
∂(∂αψ¯)
, (61)
reaffirming that the adjoint spinor ψ¯ is transformed with a signal exchanged in relation to ψ, so the negative signal in
the generator of the Lorentz transformations Σβδ for spinorial field. By performing this calculation we obtain that
S αβδ =
i
2
ψ¯γαΣβδψ − ψ¯Σβδ
(−i
2
)
γαψ =
i
2
ψ¯
(
γαΣβδ + Σβδγ
α
)
ψ, (62)
or in terms of anticommutator,
S αβδ =
i
2
ψ¯
{
γα,Σβδ
}
ψ. (63)
Now we can calculate the tensor Bαβδ in the equation (60), where we have
Bαβδ = S αβδ + S δαβ − S βδα = i
2
ψ¯
({
γα,Σβδ
}
+
{
γδ,Σαβ
}
−
{
γβ,Σδα
})
ψ. (64)
We can now simplify the above expression using the definition of Lorentz transformation generators,
Σαβ =
i
4
[
γα, γβ
]
, (65)
also the identity (51), where {γα, γβ} = 2ηαβ11 together with the identity
{A, [B,C]} − {B, [C, A]} = [{A, B} ,C] , (66)
so that the last two anticommutator in the expression (64) will be given by
{
γβ,Σδα
}
−
{
γδ,Σαβ
}
=
i
4
{
γβ, [γδ, γα]
}
− i
4
{
γδ, [γα, γβ]
}
=
i
4
[{
γβ, γδ
}
, γα
]
=
i
4
[
2ηβδ11, γα
]
= 0. (67)
Then the tensor of equation (64) results in
Bαβδ =
i
2
ψ¯
{
γα,Σβδ
}
ψ. (68)
To finalize the calculation of the energy-momentum tensor of Belifante-Rosenfeld in the equation (58), we will cal-
culate the derivative of the tensor above
∂δBαβδ =
i
2
(∂δψ¯)
{
γα,Σβδ
}
ψ +
i
2
ψ¯
{
γα,Σβδ
}
∂δψ. (69)
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Now we must see the calculations in the above terms that can be simplified. For the first term in the above equation
commutating the γδ matrix to the left, we have
i
2
(∂δψ¯)
{
γα,Σβδ
}
ψ =
i
2
(∂δψ¯)
i
4
(
4ηβδγα − 4ηαδγβ + 2γδ[γα, γβ]
)
ψ =
i2
2
(
(∂βψ¯)γα − (∂αψ¯)γβ + 1
2
(∂δψ¯)γδ︸  ︷︷  ︸[γα, γβ]
)
ψ,
where we must use the Dirac equation (55) in the above underbraced term resulting in
i
2
(∂δψ¯)
{
γα,Σβδ
}
ψ = −1
2
(
(∂βψ¯)γα − (∂αψ¯)γβ − i
2
mψ¯[γα, γβ]
)
ψ. (70)
For the second term of the equation (69) let us commute γδ matrix to the right side,
i
2
ψ¯
{
γα,Σβδ
}
∂δψ =
i
2
ψ¯
i
4
(
4ηδαγβ − 4ηβδγα + 2[γα, γβ]γδ
)
∂δψ =
i2
2
(
ψ¯γβ∂αψ − ψ¯γα∂βψ + 1
2
ψ¯[γα, γβ] γδ∂
δψ︸︷︷︸
)
,
where we must use the Dirac equation (54) in the the above underbraced term resulting in,
i
2
ψ¯
{
γα,Σβδ
}
∂δψ = −1
2
(
ψ¯γβ∂αψ − ψ¯γα∂βψ + i
2
mψ¯[γα, γβ]ψ
)
. (71)
Then adding the two results (70) and (71) to obtain the result for the equation (69),
∂δBαβδ = −
1
2
(
(∂βψ¯)γαψ − (∂αψ¯)γβψ + ψ¯γβ∂αψ − ψ¯γα∂βψ
)
. (72)
So we can finally put this result into the expression (58) to obtain the Belifante-Rosenfeld symmetrized energy-
momentum tensor of the spinor field
Tαβ = T
(C)
αβ
− i
2
∂δBαβδ =
i
2
ψ¯γα∂βψ − i
2
(∂βψ¯)γαψ +
i
4
(
(∂βψ¯)γαψ − (∂αψ¯)γβψ + ψ¯γβ∂αψ − ψ¯γα∂βψ
)
,
where we got to the result
Tαβ =
i
4
(ψ¯γα∂βψ + ψ¯γβ∂αψ) − i
4
((∂αψ¯)γβψ + (∂βψ¯)γαψ), (73)
in which the energy-momentum tensor of the spinorial field is finally symmetrized.
The transition from a physical equation in Minkowski flat spacetime to a curved spacetime is done by replacing
the metric tensor ηαβ from flat spacetime by metric tensor gµν of a curved spacetime. The principle of equivalence tells
us that we must replace the derivatives ∂α from flat spacetime by covariant derivatives ∇µ from curved spacetime [16].
We will see later that when calculating the energy-momentum tensor symmetric of the spinorial field in the curved
spacetime, it results in this same algebraic result of the equation (73) replacing ∂ by ∇.
5. Gauge Theory of Gravitation
In the year 1954, Yang and Mills [17] introduced a non-Abelian group invariance SU(2) to the spinorial action.
At that time, non-abelian gauge theory was only a mathematical theory, but today it is a central theory in Elementary
Particle Physics, describing the electroweak force and strong nuclear interactions through internal groups that maintain
the invariance of the action functional. Two years after the publication of Yang and Mills in 1956, Ryoyu Utiyama
published a work about the gauge theory, even more comprehensive than the initial work of Yang and Mills, because
Utiyama elaborates the theory of gauge for all semisimple Lie groups and goes further in formulating gauge theory for
gravitation, and subsequently Sciama and Kibble refined through the invariance of the Poincare´ extern group acting
in the Minkowski spacetime [3, 4, 5, 6, 7, 8].
In a Yang-Mills theory we make a phase shift in the field to be invariant under some internal group such as U(1),
SU(2) or SU(3) for example, and we obtain the interaction of the fermionic field with the electromagnetism, isospin
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or quantum chromodynamics respectively. To obtain the interaction of the spinorial field with gravitation the gauge is
made under the Lorentz transformations according to equation (9),
ψ′(x′) = exp
[
i
2
ǫκλΣκλ
]
ψ(x), (74)
where the transformation parameters are antisymmetric, ǫµν = −ǫνµ and Σµν are the generators of the Lorentz group
SO(1, 3). The gauge is initialized on this external group SO(1, 3). We can rewrite the above transformation in the
form
ψ′ = Uψ, (75)
where
U = exp
[
i
2
ǫκλΣκλ
]
. (76)
The Lorentz group transformation generators SO(3, 1) are given in terms of the Dirac matrices, as seen in equation
(65),
Σκλ =
i
4
(γκγλ − γλγκ) = i
4
[γκ, γλ], (77)
that obey the Lie algebra
i[Σκλ,Σµν] = gµλΣκν − gµκΣλν + gνλΣµκ − gνκΣµλ. (78)
It will be necessary to use the simplification of the expression below,
iǫκλ[Σκλ,Σµν]. (79)
as an exercise we can calculate it using equation (78),
iǫκλ[Σκλ,Σµν] = ǫ
κλgµλΣκν − ǫκλgµκΣλν + ǫκλgνλΣµκ − ǫκλgνκΣµλ = ǫκµΣκν − ǫµλΣλν + ǫκνΣµκ − ǫνλΣµλ,
knowing that ǫµν = −ǫνµ so that gµκǫµν = −gµκǫνµ results in ǫκν = −ǫνκ, so that
iǫκλ[Σκλ,Σµν] = ǫ
κ
µΣκν + ǫ
λ
µΣλν − ǫνκΣµκ − ǫνλΣµλ = 2(ǫκµΣκν − ǫνκΣµκ). (80)
The adjoint spinor ψ¯ = ψ†γ0 is transformed as
ψ¯′ = ψ¯U†, (81)
so that the term ψ¯ψ be invariant of Lorentz by the transformation (74),
ψ¯′ψ′ = (ψ¯U†)(Uψ) = ψ¯ψ, (82)
where we must have
U†U = 1, (83)
them U† = U−1.
Now let us look at the Lagrangian of the spinorial or Dirac field
L = i
2
(
ψ¯γµ∂µψ − (∂µψ¯)γµψ
)
+ mψ¯ψ. (84)
Where the γµ matrices obey Clifford algebra in curved spacetime,
{γµ, γν} = γµγν + γνγµ = 2gµν11. (85)
being 11 a 4 × 4 identity matrix.
So when we change the referential, the term mψ¯ψ will be invariant according to the result (82). But the kinetic
terms will not be invariant by transformations of Lorentz. Let us look at the term
(
ψ¯γµ∂µψ
)
,
ψ¯′γµ∂µψ′ = (ψ¯U−1)γµ∂µ(Uψ) = ψ¯U−1γµ[(∂µU)ψ + U∂µψ] = ψ¯γµ∂µψ + ψ¯γµU−1(∂µU)ψ, (86)
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where it is clear that the second term breaks the invariance of the Lagrangian. Then it is necessary to obtain a covariant
derivative,
D′µψ
′ = UDµψ, (87)
so that the kinetic term with covariant derivative, ψ¯γµ Dµψ, under a Lorentz transformation results in
ψ¯′γµD′µψ
′ = (ψ¯U−1)(UDµψ) = ψ¯γµDµψ. (88)
In this way the kinetic term will be invariant by the transformation (74). Note also that of expression (87) results in
D′µψ
′ = UDµ(U−1ψ′), (89)
wherewe use the expression (75), withU−1ψ′ = ψ, so that the transformation of the covariant derivative of a coordinate
system O to another coordinate system O′ is given by
D′µ = UDµU
−1. (90)
To obtain the interaction of the spinorial field with gravity we express the Lagrangian in terms of a tetrad or
vierbein on a non-coordinate basis given by
e˜α = eα
µEµ (91)
with the respective differential forms given by
θ˜
β = ωβνdx
ν. (92)
where (eα
µ) and (ωβν) ∈ GL(4,R) with
ωβνeα
ν = δβα and ω
β
νeβ
µ = δνµ. (93)
For a more detailed review on non-coordinated basis see reference [13] In terms of a non-coordinate orthonormal
basis, the Dirac matrices are given by,
γµ = γαeα
µ and γα = eα
µγµ, (94)
so that the Clifford algebra for the γα matrices are
{γα, γβ} = γαγβ + γβγα = eαµγµeβνγν + eβνγνeαµγµ = {γµ, γν}eαµeβν,
where the Clifford algebra (85) can be used leading to
{γα, γβ} = 2gµνeαµeβν11,
or else
{γα, γβ} = 2ηαβ11,
where we must identify that
gµνeα
µeβ
ν = ηαβ. (95)
The covariant derivative will be given by
Dµ = ω
β
µDβ, (96)
so that the kinetic term of the Lagrangian of Dirac i
2
ψ¯γµDµψ is given by
i
2
ψ¯γµDµψ =
i
2
ψ¯γαeα
µωβµDβψ =
i
2
ψ¯γαδα
βDβψ =
i
2
ψ¯γα Dαψ. (97)
From equation (90), where D′µ = UDµU
−1, we have that
D′µ = ω
′β
µD
′
β = UDµU
−1,
12
that multiplying by e′α
µ results in
e′α
µ
ω′βµD′β = e
′
α
µ
UDµU
−1,
knowing that the Lorentz transformation for e′α
µ is given by e′α
µ = Λα
βeβ
µ [13], we have
δα
βD′β = Λα
βeβ
µUDµU
−1
D′α = Λα
βUeβ
µDµU
−1,
so that we have the result,
D′α = Λα
βUDβU
−1. (98)
Now let the covariant derivative be given by
Dα = eα
µ(∂µ + Ωµ), (99)
then let us see how this covariant derivative transforms under the Lorentz transformations given by the expression
(98), such that
D′αψ = Λα
βUeβ
µ(∂µ + Ωµ)U
−1ψ
= Λα
βUeβ
µ[(∂µU
−1)ψ + U−1∂µψ + ΩµU−1ψ]
= Λα
βUeβ
µ[−U−2(∂µU)ψ + U−1∂µψ + ΩµU−1ψ]
= Λα
βeβ
µ[UU−1∂µψ + UΩµU−1ψ − UU−2(∂µU)ψ]
= e′α
µ
(∂µ + UΩµU
−1 − U−1∂µU)ψ, (100)
and making the identification
D′α = e
′
α
µ
(∂µ + Ω
′
µ), (101)
thus, we have that
Ω′µ = UΩµU
−1 − U−1∂µU. (102)
It is important and straightforward to compare the expression (99) with (101) so that,
∂α = eα
µ∂µ
and additionally
∂ ′α = e
′
α
µ
∂µ,
so that the expression (99) can be written as
Dα = eα
µ(∂µ + Ωµ) = ∂α + eα
µΩµ,
which in the coordinate system O′ is given by
D ′α = ∂
′
α + e
′
α
µ
Ω ′µ = e
′
α
µ
∂µ + e
′
α
µ
Ω ′µ = e
′
α
µ
(∂µ + Ω
′
µ),
which is in agreement with the result (101).
From the Lorentz transformation to the spinor given by the expression (76) where the term ǫαβ is the infinitesimal
parameters of transformations, we have that
U = exp
[
i
2
ǫαβΣαβ
]
≈ 1 + i
2
ǫαβΣαβ, (103)
So replacing this infinitesimal transformation in the expression (102) and neglecting second-order terms in ǫ, we have
Ω′µ =
(
1 +
i
2
ǫαβΣαβ
)
Ωµ
(
1 − i
2
ǫγδΣγδ
)
−
(
1 − i
2
ǫγδΣγδ
)
∂µ
(
1 +
i
2
ǫαβΣαβ
)
=
(
1 +
i
2
ǫαβΣαβ
) (
Ωµ − i
2
Ωµǫ
γδΣγδ
)
−
(
1 − i
2
ǫγδΣγδ
)
∂µ
i
2
ǫαβΣαβ
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= Ωµ +
i
2
ǫαβΣαβΩµ − i
2
ǫγδΩµΣγδ − ∂µ i
2
ǫαβΣαβ
= Ωµ +
i
2
ǫαβ
(
ΣαβΩµ −ΩµΣαβ
)
− i
2
(∂µǫ
αβ)Σαβ
= Ωµ +
i
2
ǫαβ[Σαβ,Ωµ] − i
2
(∂µǫ
αβ)Σαβ. (104)
It is possible to identify the geometric element that transforms under Lorentz transformation like Ωµ in the above
equation. In the references [12, 13] we have the Lorentz transformations of the one-form connection,
Γ
′α
β = Λ
α
γΓ
γ
δ(Λ
−1)δβ + Λ
α
γd(Λ
−1)γβ. (105)
Using a local coordinate infinitesimal transformation, where
Λαγ ≈ δαγ + ǫαγ,
we have the infinitesimal Lorentz transformations for the one-form connection
Γ
′α
β = (δ
α
γ + ǫ
α
γ)Γ
γ
δ(δ
δ
β − ǫδβ) + (δαγ + ǫαγ)d(δγβ − ǫγβ)
= (δαγ + ǫ
α
γ)(Γ
γ
β − Γγδǫδβ) + (δαγ − ǫαγ)dǫγβ
= Γαβ + ǫ
α
γΓ
γ
β − Γαδǫδβ − dǫαβ. (106)
From the definition of one-form we have that
Γ
α
β ≡ Γαγβθ˜γ = Γαγβωγµ dxµ = Γαµβdxµ, (107)
and replacing these values in the expression (106) we obtain
Γ′αµβdxµ = Γαµβdxµ + ǫαγΓγµβdxµ − Γαµγdxµǫγβ − ∂µǫαβdxµ,
or else
Γ′αµβ = Γαµβ + ǫαγΓγµβ − Γαµγǫγβ − ∂µǫαβ. (108)
Let us raise the index β and multiply the above expression by the Lorentz transformation generator of spinors Σαβ,
Γ′ αµ
β
Σαβ = Γ
α
µ
β
Σαβ + ǫ
α
γΓ
γ
µ
β
Σαβ − ǫγβΓαµγΣαβ − (∂µǫαβ)Σαβ
= Γαµ
β
Σαβ + ǫ
α
γΓ
γ
µ
β
Σαβ − ǫγβΓαµγΣαβ︸                           ︷︷                           ︸−(∂µǫαβ)Σαβ. (109)
It is possible to obtain an expression that will facilitate the identification of the covariant derivative, for reviewing the
terms underbraced above.
As an exercise we call the result of the equation (80)
iǫαβ[Σαβ,Σγδ] = 2(ǫ
α
γΣαδ − ǫδαΣγα),
and multiply by Γγµ
δ, resulting in
iǫαβ[Σαβ,Σγδ]Γ
γ
µ
δ
= 2(ǫαγΣαδΓ
γ
µ
δ − ǫδαΣγαΓγµδ)
ǫαβ[Σαβ,
i
2
Γγµ
δ
Σγδ] = ǫ
α
γΓ
γ
µ
δ
Σαδ − ǫδαΓγµδΣγα,
changing some dummy indices, the above equation can be written as
ǫαγΓ
γ
µ
β
Σαβ − ǫγβΓαµγΣαβ = ǫαβ[Σαβ, i
2
Γγµ
δ
Σγδ]. (110)
Then we can substitute the above result into equation (109),
Γ′αµ
β
Σαβ = Γ
α
µ
β
Σαβ + ǫ
αβ[Σαβ,
i
2
Γγµ
δ
Σγδ] − (∂µǫαβ)Σαβ. (111)
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Now let us multiply this result by i
2
and compare it with the expression of Ωµ obtained in (104),

i
2
Γ′αµβΣαβ = i2Γ
α
µ
βΣαβ +
i
2
ǫαβ[Σαβ,
i
2
Γγµ
δΣγδ] − i2 (∂µǫαβ)Σαβ
Ω′µ = Ωµ +
i
2
ǫαβ[Σαβ,Ωµ] − i2 (∂µǫαβ)Σαβ
where it is possible to identify
Ωµ =
i
2
Γαµ
β
Σαβ. (112)
Then the covariant derivative proposed in the expression of equation (99) where
Dα = eα
µ(∂µ +Ωµ)
must be the following covariant derivative,
Dα = eα
µ
(
∂µ +
i
2
Γβµ
γ
Σβγ
)
, (113)
or
Dα = ∂α +
i
2
Γβα
γ
Σβγ. (114)
In the structure of the Poincare´ gauge field theory, denoted by PG, the matter spinorial field ψ(xµ) to be translated
from xµ to xµ + ǫµ (where ǫµ are 4 translation infinitesimal parameters) and with the fixed orientation, the translation
generator for the spinorial field is the covariant derivative obtained in equation (113), this being a parallel transport
operation [8]. The covariant derivative (113) is a translational type transformation and distinguishes Poincare´ gauge
field theory from Yang-Mills gauge theories which are transformations of internal symmetries when the field ψ(xµ) is
moved to a different point in spacetime.
The above covariant derivative, when operating on a spinor ψ, will have as generator of transformation of Lorentz
the matrices Σαβ =
i
4
[γα, γβ]. But this same covariant derivative can operate in other fields where we will have,
• Σαβ = 0 when the covariant derivative Dα is applied to a scalar field φ;
• Σαβ → [Σαβ]δγ = i(δβδηαγ−δαδηβγ) when Dα is applied to a contravariant vector field Aα so that A′α = Aα+ǫαβAβ
for infinitesimal transformations. While we will have Σαβ → [Σαβ]δγ = i(ηβγδαδ − ηαγδβδ) when Dα is applied to
a covariant vector field Aα so that A
′
α = Aα + ǫα
βAβ for infinitesimal transformations
As an exercise we will calculate the covariant derivative of a vector in this orthonormal non-coordinate system,
DαV
β = ∂αV
β +
i
2
Γγα
δ
ΣγδV
β, (115)
where ΣγδV
β = [Σγδ]
β
ǫV
ǫ , observing that the vector is contravariant, so that,
DαV
β = ∂αV
β +
i
2
Γγα
δ i(δδ
βηγǫ − δγβηδǫ )Vǫ = ∂αVβ − 1
2
Γǫα
βVǫ +
1
2
ΓβαǫV
ǫ ,
in the orthonormal non-coordinate system we have that Γǫα
β = −Γβαǫ [13] that results in
DαV
β = ∂αV
β + VγΓβαγ. (116)
We now observe that the covariant derivative Dα performs the same covariant derivative in a manifold with a metric
gαβ,
∇αVβ = ∂αVβ + VγΓβαγ.
From this point on we will change the symbol of the covariant derivative of gauge by the affin connection ∇. In the
appendix the details of how to obtain the curvature term from the covariant derivative are shown.
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The action for a spinor field in the curved spacetime must be given by
S M =
∫
d4x
√−g
{
i
2
[
ψ¯γµ∇µψ − (∇µψ¯)γµψ
]
+ mψ¯ψ
}
, (117)
where we must draw attention to the term ∇µψ¯ = ∂µψ¯ − i2ΓγµδΣγδψ¯ and using the identity
√−g = det(eαµ) = det(e),
we obtain the invariant action for spinor field under general changes of coordinates
S M =
∫
Ω
d4x det(e)
{
i
2
[
ψ¯γα eα
µ
(
∂µ +
i
2
Γγµ
δ
Σγδ
)
ψ − eαµ
(
∂µψ¯ − i
2
Γγµ
δ
Σγδψ¯
)
γαψ
]
+ mψ¯ψ
}
. (118)
6. Energy-momentum and spin current density tensors for the spinorial field
We have seen that the energy-momentum tensor due to the presence of a field is given by the expression (47),
T µν =
2√−g
δS M
δgµν
.
This expression is useful to find the energy-momentum tensor when the S M action of the field is given in terms of
metric tensor gµν, as is the case of the scalar field and the vector field. But in the case of the spinorial field the action
is given in terms of the vierbein eα
µ as seen in the equation (118),
S M =
∫
Ω
d4x det(e)
{
i
2
[
ψ¯γα eα
µ
(
∂µ +
i
2
ΓγδµΣγδ
)
ψ − eαµ
(
∂µψ¯ − i
2
ΓγδµΣγδψ¯
)
γαψ
]
+ mψ¯ψ
}
,
where we write the Lagrangian of matter as
LM = det(e)
{
i
2
[
ψ¯γα eα
µ∇µψ − eαµ(∇µψ¯)γαψ
]
+ mψ¯ψ
}
, (119)
being that S M = S M(ψ, eα
µ, Γγδµ). Let us then do an exercise to obtain the energy-momentum tensor for the spinor
field, calculating the variation of the Lagrangian in relation to vierbein field,
δLM
δeγρ
=
δLM
δgµν
δgµν
δeγρ
, (120)
where we can identify the term
δLM
δgµν
with the energy-momentum tensor,
δLM
δgµν
=
√−g
2
Tµν.
We need to calculate the term
δgµν
δeγρ
. We can do it using the expression gµν = eα
µeβ
νηαβ, so that
δgµν = (δeα
µ) eβ
νηαβ + eα
µ(δeβ
ν)ηαβ, (121)
so we can get
δgµν
δeγρ
=
(
δeα
µ
δeγρ
)
eβ
νηαβ +
(
δeβ
ν
δeγρ
)
eα
µηαβ = δα
γδρ
µeβ
νηαβ + δβ
γδρ
νeα
µηαβ = δρ
µeβ
νηβγ + δρ
νeα
µηαγ.
Then, replacing these results in the expression (120), we have
δLM
δeγρ
=
√−g
2
Tµν(δρ
µeβ
νηβγ + δρ
νeα
µηαγ) = det(e) Tµνδρ
µeβ
νηβγ = det(e) Tρνeβ
νηβγ,
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and multiplying the above equation by eγ
σ we obtain
eγ
σ δLM
δeγρ
= det(e) Tρνeβ
νeγ
σηβγ,
and with aid
eβ
νeγ
σηβγ = gνσ,
then we have
eγ
σ δLM
δeγρ
= det(e) Tρνg
νσ,
which results in
eγ
σ
det(e)
δLM
δeγρ
= Tρ
σ, (122)
or
Tµν =
eαµ
det(e)
δLM
δeαν
. (123)
Let us then compute the energy-momentum tensor for the spinorial or Dirac field given by the Lagrangian of the
action (119). Using the fact that
δ[det(e)] = − det(e)ωαµδeαµ, (124)
so that
δLM
δeαν
, follows that
δLM = − det(e)ωασδeασ
{
i
2
[
ψ¯γα eα
ρ∇ρψ − eαρ(∇ρψ¯)γαψ
]
+ mψ¯ψ
}
+ det(e)
{
i
2
[
ψ¯γα (δeα
ρ)∇ρψ − (δeαρ)(∇ρψ¯)γαψ
]}
.
(125)
The first term of the expression is a constraint term that can be written as follows,
{
i
2
[
ψ¯γα eα
ρ∇ρψ − eαρ(∇ρψ¯)γαψ
]
+ mψ¯ψ
}
=
1
2
ψ¯
[
iγρ∇ρψ + mψ
]
− 1
2
[i∇ρψ¯γρ − mψ¯]ψ.
We then see that the terms in square brackets satisfy the Dirac equations,
iγρ∇ρψ + mψ = 0 and i∇ρψ¯γρ − mψ¯ = 0, (126)
so that we have
δLM
δeαν
= det(e)
{
i
2
[
ψ¯γβ
(
δeβ
ρ
δeαν
)
∇ρψ −
(
δeβ
ρ
δeαν
)
(∇ρψ¯)γβψ
]}
= det(e)
{
i
2
[
ψ¯γβ (δβ
αδν
ρ)∇ρψ − (δβαδνρ)(∇ρψ¯)γβψ
]}
= det(e)
{
i
2
[
ψ¯γα∇νψ − (∇νψ¯)γαψ
]}
,
then the energy-momentum tensor (123) becomes
Tµν =
eαµ
det(e)
δLM
δeαν
=
eαµ
det(e)
det(e)
{
i
2
[
ψ¯γα∇νψ − (∇νψ¯)γαψ
]}
or
Tµν =
i
2
[
ψ¯γµ∇νψ − (∇νψ¯)γµψ
]
. (127)
The energy-momentum tensor must be symmetrical. In the section 4, we have seen that in the flat spacetime, in the
Classical Theory of Fields, the calculation of the energy-momentum tensor obtained by the Noether theorem results
in an energy-momentum tensor similar to that obtained in the above equation (127) and we have seen how we can use
the mechanism of Belifante-Rosenfeld to symmetry the energy-momentum tensor. We have seen that the contribution
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of spin current density contributes to the energy-momentum tensor. Here the same problem occurs, the spin current
density contributes to the mathematical expression of the Hilbert energy-momentum tensor. Let us see how to perform
these calculations, first note that the variation of the action of matter can be rewritten as,
δS M =
1
2
∫
Ω
d4x
√−g T µνδgµν − 1
2
∫
Ω
d4x
√−g SνρµδΓρµν. (128)
where we use equation (11), Gµν = 8πG Tµν and also the equation (48) Tµλν + Tνgλµ − Tλgµν = 8πGSνλµ. The
term δΓρµν in the second integral of the above equation (128) can be rewritten in terms of δgµν. Let us perform this
calculation from the identity,
δ(∇νgµλ) = 0, (129)
where we can obtain
∂νδgµλ − (δgµρ)Γρνλ − (δgλρ)Γρνµ − gµρδΓρνλ − gλρδΓρνµ = 0.
Just as we assemble a system of three equations seen in the equation (15), let us put together a system with the
permutations of the indices in the above equation,

∇ν(δgµλ) = gµρδΓρνλ + gλρδΓρνµ
∇µ(δgνλ) = gνρδΓρµλ + gλρδΓρµν
∇λ(δgµν) = gµρδΓρλν + gνρδΓρλµ
, (130)
and then add the first two equations and subtract the last one so that we will have,
∇ν(δgµλ) + ∇µ(δgνλ) − ∇λ(δgµν) = gλρ(δΓρµν + δΓρνµ) + gµρ(δΓρνλ − δΓρλν) + gνρ(δΓρµλ − δΓρλµ),
where we should use the definition of the torsion tensor (17), Tκλµ = Γ
κ
λµ − Γκµλ, so we get
gλρ[δΓ
ρ
µν + (δΓ
ρ
µν − δTρµν)] = ∇ν(δgµλ) + ∇µ(δgνλ) − ∇λ(δgµν) + gµρδTρλν + gνρδTρλµ,
which then results in the equation
δΓρµν =
1
2
gλρ[∇ν(δgµλ) + ∇µ(δgνλ) − ∇λ(δgµν] + 1
2
gλρ[gµκδT
κ
λν + gνκδT
κ
λµ + gλκδT
κ
µν].
Now let us replace this expression above in the second term of the action variation in equation (128),
1
2
∫
Ω
d4x
√−g SνρµδΓρµν = 1
4
∫
Ω
d4x
√−g Sνρµgλρ[∇ν(δgµλ) + ∇µ(δgνλ) − ∇λ(δgµν]
+
1
4
∫
Ω
d4x
√−g Sνρµgλρ[gµκδTκλν + gνκδTκλµ + gλκδTκµν]
=
1
4
∫
Ω
d4x
√−g Sνλµ[∇ν(δgµλ) + ∇µ(δgνλ) − ∇λ(δgµν]
+
1
4
∫
Ω
d4x
√−g [SνλκδTκλν +SκλµδTκλµ +SνκµδTκµν]. (131)
The second integral above can be rewritten as follows below,
1
4
∫
Ω
d4x
√−g [SνλκδTκλν + SκλµδTκλµ + SνκµδTκµν] = 1
4
∫
Ω
d4x
√−gSνρµ(δTµρν + δTνρµ + δTρµν),
where the term enclosed in parenthesis on the right hand side of above equation is the variation of the contorsion
tensor (22), and which can be terminated in the below equation,
1
4
∫
Ω
d4x
√−g [SνλκδTκλν + SκλµδTκλµ + SνκµδTκµν] = 1
4
∫
Ω
d4x
√−gSνρµδKρµν.
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Now let us take the first term from the first part of the integral (131), Sνλµ∇ν(δgµλ), to calculate a integral by parts.
Let us see that,
1
4
∫
Ω
d4x
√−gSνλµ∇ν(δgµλ) = 1
4
∫
Ω
d4x
√−g [∇ν(Sνλµδgµλ) − (∇νSνλµ)δgµλ]. (132)
Let us use the fact that a total divergence integral in a Classical Fields Theory in a spacetime with torsion results in
the expression (37) where, ∫
Ω
d4x
√−g∇µVµ = −
∫
Ω
d4x
√−gTµVµ.
Using this result in the integral (132) we have
1
4
∫
Ω
d4x
√−gSνλµ∇ν(δgµλ) = 1
4
∫
Ω
d4x
√−g [−Tν(Sνλµδgµλ) − (∇νSνλµ)δgµλ]. (133)
Using this result above and substituting in equation (131) we obtain
1
2
∫
Ω
d4x
√−g SνρµδΓρµν = −1
4
∫
Ω
d4x
√−g∇λ(Sµνλ +Sλµν − Sνλµ)δgµν
−1
4
∫
Ω
d4x
√−gTλ(Sµνλ +Sλµν − Sνλµ)δgµν +
1
4
∫
Ω
d4x
√−gSνρµδKρµν.
The second term of the integral above cancels due to antisymmetry in the indices µ and ν in the spin current tensor
density contracted with the variation of the symmetrical metric tensor. Turning these values into equation (128) it
follows that,
δS M =
1
2
∫
Ω
d4x
√−g
[
T µν +
1
2
∇λ(Sµνλ +Sλµν − Sνλµ)
]
δgµν − 1
4
∫
Ω
d4x
√−gSνρµδKρµν. (134)
Then one must observe closely the term between brackets as the symmetric energy-momentum tensor of Belinfante-
Rosenfeld,
T
µν = T µν +
1
2
∇λ(Sµνλ +Sλµν −Sνλµ) (135)
for a curved spacetime. Comparing the equation above with the Belifante-Rosenfeld tensor equation obtained in
equation (59) through the Noether theorem in Classical Fields Theory in a flat spacetime, we see that the density of
spin current tensor is given by,
S
λµν = −iS λµν. (136)
With aid of equation (63) we can identify the spin current density tensor as
Sλµν =
1
2
ψ¯
{
γλ,Σµν
}
ψ, or else Sλµν =
i
8
ψ¯
{
γλ, [γµ, γν]
}
ψ. (137)
Performing the same calculation procedures as in section 4 and replacing equation (127) into (135) we obtain that the
energy-momentum tensor symmetrical for the spinorial field is given by
Tµν =
i
4
[
ψ¯γµ∇νψ + ψ¯γν∇µψ − (∇µψ¯)γνψ − (∇νψ¯)γµψ
]
. (138)
It is the energy-momentum tensor that generates the curvature of spacetime, given by the field equation (11), empha-
sizing that the energy-momentum tensor above contains the density of spin current, as we have seen in the previous
details.
Now let us look at the second equation of motion that relates the density of spin current tensor to the torsion in
spacetime. A variation in spinorial action (118) in relation to connection Γαβγ it results in
δS M
δΓαβγ
=
δ
δΓαβγ
∫
Ω
d4x det(e)
{
i
2
[
ψ¯γζ eζ
µ
(
∂µ +
i
2
ΓδµǫΣ
δǫ
)
ψ − eζµ
(
∂µψ¯ − i
2
Γδµǫψ¯ Σ
δǫ
)
γζψ
]
+ mψ¯ψ
}
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=(
i
2
)2
det(e)
(
ψ¯γζ
δΓδζǫ
δΓαβγ
Σδǫψ + ψ¯
δΓδζǫ
δΓαβγ
Σδǫγζψ
)
= −det(e)
4
ψ¯
{
γβ,Σα
γ
}
ψ,
now comparing the above result with equation (137) we arrive at,
δS M
δΓαβγ
= −det(e)
2
S
β
α
γ
, (139)
or expressing the spin current density tensor as
Sβαγ = − 2
det(e)
δS M
δΓαβγ
. (140)
We must compare the above expression with the definition in equation (49), where we have the second Einstein-Cartan
equation, where the U4 spacetime torsion originates from the spin current density tensor, given by the equation below
in Minkowski orthornormal coordinates,
Tαγβ + Tγηαβ − Tβηαγ = 8πGSαβγ. (141)
7. Conclusion
The Einstein-Cartan-Sciama-Kibble theory described in the Riemann-Cartan spacetime, U4, is obtained by the
Gauge Theory under local transformations of Poincare´ in the field of spinorial matter. The fundamental constituents
of matter are fermions (spin 1
2
), so that the Einstein-Cartan-Sciama-Kibble theory is obtained by gauge of the action
of the spinorial field.
Under the global invariance of Poincare´ transformations the energy-momentum tensor is conserved and the angular
momentum current is conserved. We have seen in the section 4 that in the absence of gravity, in Minkowski spacetime,
through the Noether theorem the energy-momentum tensor is not symmetric, and it is necessary the Belinfante-
Rosenfeld procedures that add to the energy-momentum tensor the contributions of the spin current density of the
fermionic field, which makes the energy-momentum tensor symmetrical. The requirement that the energy-momentum
tensor be symmetric comes from the requirement in which the metric energy-momentum tensor or Hilbert energy-
momentum tensor is symmetric by definition according to equation (47).
The spinor action under local transformations of Poincare´ brings the interaction with gravitational fields. The
starting point must be the action (118), valid in Minkowski flat spacetime when the tetrad field reduces in eα
µ = δα
µ,
ωβν = δ
β
ν, det(e) = 1 and the connection Γαµβ = 0. The tetrad field eα
µ maps the curved spacetime, non-inertial
system, in a locally flat spacetime, inertial system, by equation (95). Then an observer in another system of references
observing the spinorial field, will make the observation under local transformations of Poincare´ getting the emergence
of two gauge fields: eα
µ and Γαµβ. The covariant derivative (113) is the translation generator of the Poincare´ group
P(1, 3) and Σαβ are the Lorentz rotation and boost generators [3, 8]. The local invariance of Poincare´ leads to the field
equation (11) where in the same way as in General Relavity theory, the energy-momentum tensor is the source of the
curvature. The other field equation obtained (141) shows that the density of spin current tensor becomes the source of
torsion in spacetime U4.
It should be noted that in Einstein General Relativity the tensor curvature is calculated through derivatives in
the connections which are only the Christoffel symbols, which results in second-order differential equations in the
metric tensor gµν implying that gravitational interaction propagates in Riemannian spacetime. The same happens in
the spacetime of Riemann-Cartan that can have non-zero torsion. With this in mind we should note that equation (141)
which relates torsion to spin current density tensor is not a differential equation such as the field equation (11) but
instead is an algebraic relationship between torsion and spin current density tensor. This implies that the Riemann-
Cartan spacetime gravitation will have nonzero torsion only in regions where fermionic matter exists. The torsion in
the Riemann-Cartan spacetime can not be dissociated from the fermionic matter and consequently can not propagate
in the vacuum as a torsion wave or through another interaction [9].
The Einstein-Cartan theory of gravitation in spacetime with torsion adds to gravitation the existence of a weak
interaction between the gravitational field and the fermionic matter. Calculations and discussions have shown that the
20
density of matter containing fermions with intrinsic angular momentum in units of ~
2
, must be of the order of 1047
g/cm3 for electrons and 1054 g/cm3 for neutrons, so that there was the possibility of estimating significant deviations
from the predictions of General Relativity. To have an idea of these dimensions, compare the matter density of a
neutron star that is of the order of 1016 g/cm3 [3].Certainly for such high densities, the expected effects that fermionic
matter can twist the spacetime must be for extreme conditions in the gravitational collapses approached in cosmology
and in the big bang. There are also expectations of such spin-torsion effects occurring on the Planck scale where
quantum gravity processes begin to be relevant [3, 9].
Appendix A. Commutator of covariant derivatives
Let be the covariant derivative (113) that leaves the spinorial action (118) invariant by local coordinate changes
and Lorentz transformations, we can calculate the gauge curvature given by [∇α,∇β]. Therefore,
[∇α,∇β] = ∇α∇β − ∇β∇α = ∇α
[
eβ
ν
(
∂ν +
i
2
Γγµ
δ
Σγδ
)]
− ∇β
[
eα
µ
(
∂µ +
i
2
Γǫµ
ζ
Σǫζ
)]
, (A.1)
with ∇α = eαµ∇µ we have,
∇α∇β = eαµ∇µ(eβν∇ν) = eαµ(∇µeβν)∇ν + eαµeβν∇µ∇ν. (A.2)
Let us first look at the term eα
µ(∇µeβν)∇ν of the above expression
eα
µ∇µeβν = eαµ
(
∂µ +
i
2
Γǫµ
ζ
Σǫζ
)
eβ
ν = ∂αeβ
ν +
i
2
Γǫα
ζ
Σǫζ eβ
ν. (A.3)
Then the Lorentz transformation generator of the group SO(3, 1) is acting on the vector index covariant β of
vierbein eβ
ν, it follows that
Σγδ eβ
ν → [Σγδ]ǫβ eǫν = i(ηδβδγǫ − ηγβδδǫ )eǫν = iηδβeγν − iηγβeδν,
which results for the equation (A.3) the following expression
∇αeβν = ∂αeβν + i
2
Γγα
δ(iηδβeγ
ν − iηγβeδν) = ∂αeβν − 1
2
Γγαβeγ
ν +
1
2
Γβα
δeδ
ν
and with the algebraic property of connection non-coordinate basis Γβαγ = −Γαβγ, therefore the above equation results
in
∇αeβν = ∂αeβν − eγν Γγαβ. (A.4)
Now we can return to the calculation of the equation (A.2) where it is
∇α∇β = eαµ(∇µeβν)∇ν + eαµeβν∇µ∇ν,
where we can substitute the result (A.4) in the first term and also replacing ∇ν = ωγν∇γ, we obtain
∇α∇β = eαµ(∂µeβν − eδν Γδµβ)ωγν∇γ + eαµeβν∇µ∇ν, (A.5)
where we must explain the term ∇µ∇ν, where
∇µ∇ν =
(
∂µ +
i
2
ΓγδµΣγδ
) (
∂ν +
i
2
ΓǫζνΣǫζ
)
= ∂µ∂ν +
i
2
∂µΓ
ǫζ
νΣǫζ +
i
2
Γǫζ νΣǫζ∂µ +
i
2
ΓγδµΣγδ∂ν − 1
4
ΓγδµΓ
ǫζ
νΣγδΣǫζ ,
so that the expression (A.5) becomes
∇α∇β = eαµωγν(∂µeβν−eδν Γδµβ)∇γ+eαµeβν(∂µ∂ν+ i
2
∂µΓ
ǫζ
νΣǫζ+
i
2
ΓγδνΣγδ∂µ+
i
2
ΓγδµΣγδ∂ν− 1
4
ΓγδµΓ
ǫζ
νΣγδΣǫζ
)
. (A.6)
And now we write the term ∇β∇α from equation (A.1), where we have
∇β∇α = eβµωγν(∂µeαν−eδν Γδµα)∇γ+eβµeαν
(
∂µ∂ν+
i
2
∂µΓ
ǫζ
ν
Σǫζ+
i
2
ΓγδνΣγδ∂µ+
i
2
ΓγδµΣγδ∂ν− 1
4
ΓγδµΓ
ǫζ
νΣγδΣǫζ
)
. (A.7)
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When calculating the commutator [∇α,∇β] we see that
eα
µeβ
ν∂µ∂ν − eβµeαν∂µ∂ν = eαµeβν∂µ∂ν − eανeβµ∂ν∂µ = 0.
We have that
eα
µeβ
ν
(
i
2
ΓγδνΣγδ∂µ +
i
2
ΓγδµΣγδ∂ν
)
− eβµeαν
(
i
2
ΓγδνΣγδ∂µ +
i
2
ΓγδµΣγδ∂ν
)
= 0.
Then the commutator becomes
[∇α,∇β] = eαµωγν(∂µeβν − eδν Γδµβ)∇γ − eβµωγν(∂µeαν − eδν Γδµα)∇γ + eαµeβν
(
i
2
∂µΓ
ǫζ
ν
Σǫζ − 1
4
ΓγδµΓ
ǫζ
νΣγδΣǫζ
)
− eβµeαν
(
i
2
∂µΓ
ǫζ
ν
Σǫζ −
1
4
ΓγδµΓ
ǫζ
νΣγδΣǫζ
)
,
and therefore
[∇α,∇β] = [ωγν(eαµ∂µeβν − eβµ∂µeαν) − eαµωγνeδν Γδµβ + eβµωγνeδν Γδµα]∇γ
+ eα
µeβ
ν
(
i
2
∂µΓ
γδ
νΣγδ − i
2
∂νΓ
γδ
µΣγδ
)
− eαµeβν
(
1
4
ΓγδµΓ
ǫζ
νΣγδΣǫζ − 1
4
ΓγδνΓ
ǫζ
µΣγδΣǫζ
)
.
Now using the identity Dαβ
γ = ωγν(eα
µ∂µeβ
ν − eβµ∂µeαν) [12, 13] we have
[∇α,∇β] = [Dαβγ − δγδ Γδαβ + δγδ Γδβα]∇γ + eαµeβν
(
i
2
∂µΓ
γδ
νΣγδ − i
2
∂νΓ
γδ
µΣγδ
)
− eαµeβν
(
1
4
ΓγδµΓ
ǫζ
νΣγδΣǫζ − 1
4
ΓγδνΓ
ǫζ
µΣγδΣǫζ
)
or else
[∇α,∇β] = −(Γγαβ − Γγβα − Dαβγ)∇γ + eαµeβν
(
i
2
∂µΓ
γδ
νΣγδ − i
2
∂νΓ
γδ
µΣγδ
)
− eαµeβν
(
1
4
ΓγδµΓ
ǫζ
νΣγδΣǫζ −
1
4
ΓγδνΓ
ǫζ
µΣγδΣǫζ
)
,
the first term in parenthesis is the spacetime torsion [12, 13],
T
γ
αβ = Γ
γ
αβ − Γγβα − Dαβγ,
therefore we have
[∇α,∇β] = −Tγαβ∇γ + i
2
eα
µeβ
ν
(
∂µΓ
γδ
ν − ∂νΓγδµ
)
Σγδ − 1
4
eα
µeβ
νΓγδµΓ
ǫζ
ν
(
ΣγδΣǫζ − ΣǫζΣγδ
)
.
Now we must use Lie algebra for operators Σγδ in the tangent space, starting from equation (78), where we have
i[Σγδ,Σǫζ] = ηǫδΣγζ − ηǫγΣδζ + ηζδΣǫγ − ηζγΣǫδ, (A.8)
so that,
[∇α,∇β] = −Tγαβ∇γ +
i
2
eα
µeβ
ν
(
∂µΓ
γ
δν − ∂νΓγδµ
)
Σγ
δ +
i
4
eα
µeβ
νΓγδµΓ
ǫζ
ν
(
ηǫδΣγζ − ηǫγΣδζ + ηζδΣǫγ − ηζγΣǫδ
)
.
Let us then simplify the last term of the above expression,
ΓγδµΓ
ǫζ
ν
(
ηǫδΣγζ − ηǫγΣδζ + ηζδΣǫγ − ηζγΣǫδ
)
=
ΓγǫµΓ
ǫ
ζνΣγ
ζ − (−Γδγµ)Γǫ ζνηǫγΣδζ + (−Γδγµ)ΓǫζνηζδΣǫγ − ΓγδµΓǫγνΣǫ δ =
ΓγǫµΓ
ǫ
ζνΣγ
ζ + ΓδǫµΓ
ǫ
ζνΣδ
ζ − ΓδγµΓǫ δνΣǫ γ − ΓγδµΓǫγνΣǫ δ =
2ΓγδµΓ
δ
ǫνΣγ
ǫ − 2ΓδγµΓǫδνΣǫ γ,
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that replacing for the commutator [∇α,∇β], it follows that
[∇α,∇β] = −Tγαβ∇γ + i
2
eα
µeβ
ν
(
∂µΓ
γ
δν − ∂νΓγδµ
)
Σγ
δ +
i
2
eα
µeβ
ν(ΓγδµΓ
δ
ǫνΣγ
ǫ − ΓδǫµΓγδνΣγǫ),
or
[∇α,∇β] = −Tγαβ∇γ + i
2
eα
µeβ
ν
(
∂µΓ
γ
δν − ∂νΓγδµ + ΓγǫµΓǫ δν − ΓǫδµΓγǫν
)
Σγ
δ. (A.9)
The term in parenthesis is the curvature tensor where,
Rγδµν = ∂µΓ
γ
δν
− ∂νΓγδµ + ΓγǫµΓǫ δν − Γǫ δµΓγǫν. (A.10)
So finally we have
[∇α,∇β] = −Tγαβ∇γ + i
2
eα
µeβ
νRγδµνΣγ
δ, (A.11)
or else
[∇α,∇β] = −Tγαβ∇γ +
i
2
RγδαβΣγ
δ. (A.12)
If we use the above operation in a vector Vǫ , we must use the generator Σγ
δ applied to the vector, so that we have
Σγ
δVǫ = i(ηδǫηγζ − δγǫδζδ)Vζ ,
and replacing in equation (A.12) we get exactly the same value from the equation (25).
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